Mathematical models of hydrothermal processes for stratified flows in flow-
Introduction
One of the most important problems is the problem of "clean water". Water has a unique feature among the natural resources of the Earth -it is indispensable. The depletion of water resources is caused not only by the growth of water consumption but also by the water pollution. There are chemical, physical, biological, thermal and radioactive types of pollution. If the flow of contaminants exceeds the self-clean ability of the reservoir ecosystem then contaminants are accumulated in the bottom sediments, and negative processes are exacerbated by so-called secondary pollution. The ecological state of water bodies depends on hydro-physical, hydro-biological, hydro-chemical, meteorological and anthropogenic processes. Hydro-physical processes form the habitat of hydrobionts, and to a large extent determine the transfer and sedimentation of substances, the intensity of the processes of pollution and self-purification of water bodies.
The construction of dams introduces significant changes in the natural conditions of the adjacent areas. The temperature and flow regimes of the river vary both above and below the dam. The change in the temperature regime influences the development of river flora and fauna. A decrease in temperature in summer reduces the self-cleaning ability of the river. After the construction of the Krasnoyarsk hydroelectric power station hydro-ice-thermal regime of the Yenisei river has considerably changed both above and below the dam. The water temperature below the dam fell by 10-12 degrees in summer and increased by 1.5-3.0 degrees in winter. A sharp change in the temperature regime of the Yenisei river in the lower bay of the Krasnoyarsk HPP deprived the residents of Krasnoyarsk of their usual river recreation in summer.
For the numerical analysis of processes in the upper and lower bay mathematical models of various levels of complexity are used. Mathematical models of hydrothermal processes in water reservoirs are based on the equations of fluid mechanics and heat transfer. Mathematical models of stratified flows have been extensively studied [1] [2] [3] [4] [5] . Stratified flows in elongated water bodies were considered [6, 7] . The mathematical model is based on the width-averaged basic equations in Boussinesq and hydrostatic approximations. Various numerical methods for simulation of stratified flow dynamics were developed [8, 9] . The turbulent stratified flows in flowing water bodies are investigated with single and two parameter models of turbulence. The results of simulations are compared with measured data.
In many practical cases, it is necessary to take water masses from certain layers in steady stratified reservoirs. The study of such problems is possible in the framework of the theory of perfect fluid [6, 10, 11] . The densimetric Froude number is the criterion for selective water intake from a stratified reservoir:
, where u 0 is the characteristic flow velocity magnitude, H is the depth, ∆ρ = ρ max − ρ min , ρ 0 is the characteristic density. It was shown that for linear stratification selective extraction is possible when F r F r cr = 1/π [10, 11] . Fig. 1 shows the flow patterns (streamlines ψ = const) for various values of the densimetric Froude number. For values F r > F r cr the flow zone extends to the entire depth ( Fig. 1.a) . In the case of the surface location of the water intake for F r F r cr flow is stratified into two regions. In the upper region water flows into the drain hole but in the lower region water circulates with low velocities (Fig. 1b) . The water temperature coming from the reservoir to the lower bay of the HPP depends on the flow pattern at the dam site. Krasnoyarsk reservoir is extended in the meridional direction and it is in the middle part of the Yenisei river. The reservoir is conventionally divided into 8 hydrological regions as shown in Tab. 1 [12] .
The scheme of the reservoir is presented in Tab. 2. The reservoir depth is varied continuously, and the reservoir width is varied in a stepwise way.
Two-dimensional non-hydrostatic model of stratified flows
The mathematical model of stratified flows in the reservoir near a dam is based on the equations of inhomogeneous fluid motion in Boussinesq approximation., In the streamfunctionvorticity formulation they are [3] : 
∂T ∂t
Here ψ is the streamfunction, ω is the vorticity U, W are components of the water flow velocity in the directions x, z, respectively, t is time, ρ is the water density, ρ 0 is the characteristic water density, g is gravity acceleration, T is the water temperature, K x , K z , K xT , K zT are constant coefficients of turbulent exchange, F I is incoming short-wave solar radiation, β is the radiation absorption coefficient, α is the parameter determining the portion of short-wave radiation penetrating to a depth of (0 α 1), c p is the specific heat capacity of water. We assume that α = 0.1, β = 0.004. Flows in a rectangular reservoir are considered.
Equations (1)- (5) are supplemented with initial and boundary conditions. Initial conditions are
Boundary conditions on the water surface (z = 0, 0 x L) are
Boundary conditions at the bottom of the reservoir
, (q is specific water discharge (per unit width)).
At the inflow boundary (x = 0, 0 z H) the following boundary conditions are set:
Here τ x is the wind stress, F bt is the heat exchange with the reservoir bed,
, omega out (z) are given functions. The heat exchange with the atmosphere affects the temperature of the reservoir. The total heat flux through the free surface F n has the form (W/m 2 )
where F ef is effective long-wave radiation, F evp is the heat transfer by evaporation, F ct is the convective heat transfer, F I is incoming short-wave solar radiation. There are various ways to determine components of heat exchange through the surface of the reservoir [2, 3, 6, 13] . We use the following approach [2, 13] . Short-wave radiation is defined as
where Q(h c ) =
(κ n = 1.11 ÷ 1.23 depends on the atmosphere moisture content, N 0 is the total fraction, h c is the sun height in degrees, ρ is the air density, γ = 0.94, φ k is the latitude in degrees, t = 0, 1, . . . , 23 is the local astronomical time; t n = 12 is local noon time; γ 1 is the solar declination, d is the day of year).
Relations for long-wave radiation, turbulent exchange between the water surface and the atmosphere, the heat flow due to evaporation can be found in [2] .
Equation of state for fresh water:
For deep reservoirs, equation of state for fresh water takes into account the effect of pressure on density ρ = ρ(T, p, S) [14] . From the hydrostatic approximation p = 0.1 z (bar, z in meter). Fresh water has a maximum density at some temperature T mp that depends on pressure (depth):
0 C. It was found that for the Ladoga lake (maximum depth is 230 m) the equation of state in the form ρ = ρ(T ) is applicable [15] . For the Krasnoyarsk reservoir (maximum depth is 105 m) the density can be considered independent of pressure.
The wind shear stress is defined by Saimons formula
is the wind velosity (wind speed in m/s, wind stress in g/(sm·s 2 )). The boundary conditions for the vorticity on solid walls are obtained from the adhesion condition. The first-order Thom condition is used.
Finite difference schemes
Let us introduce computational grid. The grid is uniform in the z direction, and it is and non-uniform in the x direction. Let us introduce the following notations i = 1, 2, . . . , ii; j = 1, 2, . . . , jj;
Here A denotes the scheme with the differences against the flow.
Equation (1) is approximated by the explicit scheme:
Boundary conditions for the vorticity on solid walls are on the reservoir bottom (z = H, 0 x L):
(∆z) 2 ; at the inflow boundary (x = 0, 0 z H):
The difference analogue of equation (2) has the form:
Taking into account the corresponding boundary conditions for the streamfunction, this system is solved by the method of successive over relaxation:
] , where 1 γ < 2 is the relaxation parameter,
. The components of the flow velocity vector are zero on solid walls, and they are determined by the given functions at the inflow and outflow boundaries as
the water surface; and
in the inside grid nodes. In the third stage, the equation for the water temperature with corresponding initial and boundary conditions is solved. The water density is determined by the found temperature.
In the internal points of the region 2 i ii − 1, 2 j jj − 1 we have
Taking into account the boundary condition on the water surface ( 2 i ii − 1, j = 1), we obtain
at the inflow boundary (i = 1, 1 j jj − 1)
at the lateral boundary (i = 1, jh + 1 j jj − 1 )
at the lateral boundary (i = ii, 2 j j1 − 1 and i = ii, j2 + 1 j jj − 1)
at the corner points:
Simplified mathematical model of flow in a long reservoir
Hydrostatic approach is applicable in areas far from the dam. A simplified mathematical model to study the hydrothermal regime in a long reservoir is obtained for slow flows with the use of the Boussinesq approximation and and boundary layer approximation [3] :
Turbulent exchange coefficient.
The averaged flow has both molecular and turbulent viscosities. There are wind mixing and dynamic mixing. They are determined by the flow rate of the reservoir. The total coefficient of vertical turbulent exchange has two terms K z = K 
where B =
y is the wind stress, K min =0.02 cm 2 /s is the minimum value of the turbulent vertical exchange coefficient (it corresponds to the molecular viscosity), f is the Coriolis parameter,
The coefficient K m z is determined by the formula [17] :
where n is the bottom surface roughness, q is the specific water discharge (m 2 /s), g is acceleration of gravity (m/s 2 ), H is the depth (m), K zT = 0.1 K z if ∂ρ ∂z 0. If ∂ρ ∂z < 0 then there is an unstable state. In this case intensive mixing restores stability, and we have
Comment. The constant value of the vertical turbulent exchange in problem (1)- (5) is estimated by formula (10) . The horizontal turbulent viscosity is determined by the Richardson law:
Let us consider the flow problem for m-th region: 0 x L m and introduce computational grid
Initial conditions are ψ = ψ 0 (x, z), ω = ω 0 (x, z). Boundary conditions: on the water surface
, q m is specific water discharge per unit of width. At x = 0 ψ = ψ m , ω = ω m are given. At the boundaries of the adjacent regions m and m + 1 the width and specific water discharge are changed abruptly. The matching of solutions is performed from the condition of the water discharge balance
ω m . Equation (6) is solved with the use of the explicit scheme
The difference approximation of equation (7) has the form
Difference equations for the stream function are solved by the sweep method:
The flow velocity components are determined as
and W i,1 = 0 on water surface,
U m,j at the border of regions.
The water temperature in the internal nodes is determined with the use of the explicit scheme
Taking into account boundary conditions, we obtain on the water surface (j = 1; 2 i ii)
and on the bottom (j = jj; 2 i ii)
Numerical results
Numerical experiments were carried out to determine the temperature regime of the Krasnoyarsk reservoir using the simplified two-dimensional model (6)- (9) in the summer period. The reservoir bed scheme consists of regions with continuous depth variation and abrupt change in width. Detailed weather data were used for the relevant period. Fig. 2 shows the calculated temperature profiles (solid lines) in five sections of the Krasnoyarsk Reservoir (July 10, 1986). The results of calculations are consistent with the actual data (points). The initial conditions were taken from the field data on the 1st of June 1986. Measured data were obtained by V. A. Korenkov [3, 18] . Calculations were performed for various vertical grid steps: ∆z i = H i /20 and ∆z i = H i /40. The difference between results was less than 3%.
For the known vertical distributions of water temperature in the near-dam area, the flow patterns for various water intake conditions (water intake positions, water discharge) were determined. In problem (1-5) a quasi-uniform grid with smaller cells near the dam was used in the horizontal direction [19] : (Fig. 4a ) the layers of water from the top to 30 m are involved into the intake. As a result, the temperature of water discharged into the downstream decreases due to the intake of lower water layers. In the case of deep water intake (Fig. 4b ) a surface warmer water layers move down and deep water layers rise up.
The case of surface water intake was considered. The water intake was h = 9.3 m and h = 15 m beneath the surface. If h = 9.3 m then the layer 24.8 m thick at a temperature of T nb = 17.7 0 C is involved in the water intake. When the depth of the water intake is increased to 15 m, the thickness of the water layer involved in the intake is increased to 27.9 m, and the temperature of the water is decreased to T nb = 16.2 0 C. In the case of a deep water intake (25 m z out 34 m) in the summer period water at a temperature of T nb = 6.75 0 C inflows in the water intake. The depth-average water temperature in the vicinity of the dam is T av = 7.6 0 C. For the specific water discharge 2.8 m 2 /s the water temperature flowing into the downstream is T nb = 19.3 0 C for surface water intake and T nb = 7.6 0 C for deep water intake. The temperature slightly varies with depth in spring and autumn, so the temperature of the water flowing to the downstream is close to the depth-average temperature for surface and deep water intakes.
The wind component of the flow velocity calculated by the two-dimensional model is overestimated in the deep areas of the reservoir. The estimation of the wind component of the flow velocity can be obtained from the Ekman theory [20] . Calculations for the summer period showed that the surface water intake admits of discharge of layers of water at a temperature that is close to the maximum. It increases the water temperature in the lower bay of the Krasnoyarsk HPP by 6-10 0 C. The comparison of numerical results with the available field data showed that the proposed model adequately describes the thermal regime of the reservoir in the summer, and it allows one to assess the impact of various parameters (weather conditions, mode of operation of the hydroelectric power station, the position of water intake) on the water temperature coming from the reservoir to the lower bay of hydroelectric power station.
